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Abstract – A stand basal area growth system for radiata pine (Pinus radiata D. Don) plantations in Galicia (Northwestern Spain) was developed
from data corresponding to 247 plots measured between one and five times. Six dynamic equations were considered for analysis and both numerical
and graphical methods were used to compare alternative models. The equation that best described the data was a dynamic equation derived from the
Korf growth function by the generalized algebraic difference approach (GADA) and by considering two parameters as site-specific. This equation was
fitted in one stage by the base-age-invariant dummy variables method. The system also incorporated an equation for predicting initial stand basal area,
expressed as a function of stand age, site index, and the number of trees per hectare. This information can be used to establish the starting point for the
projection equation when no inventory data are available. The effect of thinning on stand basal area growth was also analyzed and the results showed
that the same projection equation can be used to obtain reliable predictions of unit-area basal area development in thinned and unthinned stands.

stand basal area projection / stand basal area initialization / dummy variables method / generalized algebraic difference approach / thinning
effect

Résumé – Modélisation de la croissance en surface terrière de plantations de Pinus radiata dans le Nord-ouest de l’Espagne. Un système
d’équations modélisant la croissance en surface terrière a été développé pour des plantations de Pinus radiata D. Don en Galice (Nord-ouest de
l’Espagne) à partir des données recueillies dans 247 placettes mesurées entre une et cinq fois. Six équations dynamiques ont été analysées et des
méthodes graphiques et numériques ont été employées pour comparer des modèles alternatifs. Une équation dynamique dérivée de la fonction de
croissance de Korf, dont les deux paramètres spécifiques à la station sont estimés par l’approche de la différence algébrique généralisée (GADA),
décrit le mieux les données. L’équation a été ajustée en une seule étape en utilisant la méthode des variables indicatives indépendantes de l’âge. En
outre, pour prédire la surface terrière initiale, le système incorpore aussi une fonction de l’âge du peuplement, de l’indice de fertilité de station et du
nombre d’arbres à l’hectare. Cette information peut être utilisée pour fixer l’état initial de l’équation de projection quand les données d’inventaire ne
sont pas disponibles. L’effet de l’éclaircie sur la croissance en surface terrière a également été analysé et les résultats montrent que la même équation de
projection peut être utilisée pour prédire de façon fiable l’évolution de la surface terrière dans les peuplements non éclaircis et les peuplements éclaircis.

projection de la surface terrière / initialisation de la surface terrière /méthode des variables indicatives / approche généralisée de la différence
algébrique / effet de l’éclaircie

1. INTRODUCTION

According to the Third National Forest Inventory of Span-
ish forests [70], radiata pine (Pinus radiata D. Don) planta-
tions occupy a total surface area of approximately 90 000 ha
in Galicia. The oldest stands of this species in the region were
planted in the 1940s, and plantations are currently being es-
tablished at a rate of 6 000 ha per year [1]. This makes radiata
pine one of the three most commonly used species, along with
Eucalyptus nitens Maiden and E. globulus Labill., in reforesta-
tion programmes, particularly those involving abandoned agri-
cultural land. The wide distribution and the high growth rate
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of the species have also made it very important in the forestry
industry in northern Spain, with an annual harvest volume of
505 000 m3 in the period 1992–2001 [70]. Two different sil-
vicultural regimes are usually applied in the region. Low den-
sity regimes, characterized by initially low stocking densities
at plantation (1200–1300 trees ha−1 followed by two heavy
thinnings, resulting in values of the relative spacing index of
0.20–0.22. The high density regime corresponds to initial tree
densities of between 2100–2500 trees ha−1, and 3–4 light thin-
nings to maintain the relative spacing index at values of 0.13–
0.15. Rotation ages usually vary from 25 to 35 years depend-
ing on the site quality of the stand and on the purpose of the
timber.
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Sánchez et al. [60] developed a static1 stand-level growth
and yield model for the species in Galicia based on data from
the first inventory of a network of permanent plots, which
provides rather limited information about the forest stand.
As more inventories of the network of permanent plots were
available, a dynamic1 whole-stand growth model has been
constructed. Several submodels have been developed to date:
(i) a merchantable volume equation [15], (ii) a diameter dis-
tribution function [14], (iii) a mortality model [2], (iv) a site
quality system [27], and (v) a generalized height-diameter
model [16, 45]. The remaining submodel is a stand basal
area growth system. The dynamic whole-stand growth model
would be used for a variety of purposes including inventory
updating, harvest scheduling and prediction of wood yields for
different stand conditions.

The stand basal area growth system is a key component of
whole-stand-level models, since stand basal area is directly re-
lated to other very important economic variables, such as total
stand volume and quadratic mean diameter [69]. Furthermore,
estimations from stand basal area growth equations can be
used to constrain size-class or individual tree models, and thus
form a link between high and low resolution models [32, 36].

Stand basal area growth functions must possess three main
properties so that consistent estimates can be obtained [4, 26,
68]: biological meaning, path-invariance and simplicity. The
gross stand basal area function must have an asymptotic value
when the projected stand age approaches infinity [3, 6]. The
projection function must be path-invariant, which implies that
for the same unthinned growth period, the result of projecting
firstly from t0 to t1, and then from t1 to t2, must be the same as
that of the one-step projection from t0 to t2. Finally, the models
must be parsimonious, because models that are too complex
and include many interactions between independent variables
may be unstable and have a poor predictive capacity.

Fulfilment of these properties depends on both the con-
struction method and the mathematical function used to de-
velop the model. Most of them can be achieved by use of the
Algebraic Difference Approach (ADA) proposed by Bailey
and Clutter [7] or its generalization (GADA) of Cieszewski
and Bailey [22]. The GADA can be applied in modelling the
growth of any site dependent variable involving the use of un-
observable variables substituted by the self-referencing con-
cept [51] of model definition [21], such as dominant height,
stand basal area, stand volume, number of trees per unit area,
stand biomass or stand carbon sequestration (e.g., [9, 21]).

The objective of the present study was to develop a stand
basal area growth system for radiata pine plantations in Galicia
(northwestern Spain). A stand basal area projection function
for different types of stands (thinned and unthinned) was de-
veloped by use of the GADA. A stand basal area initialization
model was developed for establishing the stating point for the

1 Static growth models attempt to predict directly the course over
time of the quantities of interest (volumes, mean diameter). Dynamic
growth models, rather than directly modelling the course of values
over time, predict rates of change under various conditions. The tra-
jectories over time are then obtained by adding or integrating these
rates.

projection equation when no inventory data are available. The
effect of thinning on stand basal area growth was also exam-
ined.

2. MATERIALS AND METHODS

2.1. Data

The data used to develop the stand basal area growth system were
obtained from two different sources. Initially, in the winter of 1995
the Unidade de Xestión Forestal Sostible of the University of Santiago
de Compostela established a network of 223 plots in pure radiata pine
plantations in Galicia. The plots were located throughout the area of
distribution of this species in the study region, and were subjectively
selected to represent the existing range of ages, stand densities and
sites. The size of plot ranged from 625 to 1200 m2, depending on
stand density, in order to achieve a minimum of 30 trees per plot.
All the trees in each sample plot were labelled with a number. Two
measurements of diameter at breast height (1.3 m above ground level)
were made at right angles to each other and to the nearest 0.1 cm, with
callipers, and the arithmetic mean of the two measurements was cal-
culated. Total height was measured to the nearest 0.1 m with a digital
hypsometer in a 30-tree randomized sample and in another sample
including the dominant trees (the proportion of the 100 thickest trees
per hectare, depending on plot size). Descriptive variables of each
tree were also recorded, e.g. if they were alive or dead.

A subset of 155 and 46 of the initially established plots was re-
measured in the winters of 1998 and 2004, respectively. Between
each of the three inventories, 22 plots were lightly or moderately
thinned once from below. These plots were also remeasured imme-
diately before and after thinning operations, so that they were inven-
toried four or five times. The first sources of data were the inventories
carried out in 1995, 1998, and 2004 and on the date of the thinning
operations.

In addition, data from the first and second measurements of two
thinning trials installed in a 12-year old stand of radiata pine were
also used. Each thinning trial consisted of 12 plots of 900 m2, in
which four thinning regimes were replicated on three different oc-
casions. The four thinning treatments considered were: an unthinned
control, a light thinning from below (approximately 10% of the stand
basal area removed), a moderate thinning from below (approximately
25% of the stand basal area removed), and a selection thinning (selec-
tion of crop trees and extraction of their competitors, which represent
approximately 20% of the stand basal area of the unthinned control).
The plots were thinned immediately after plot establishment in 2003
and were re-measured two years later. The second source of data cor-
responds to the first and second inventories of these thinning trials.

The stand variables calculated for each inventory were: stand age
(t), stand basal area (BA), number of trees per hectare (N), dominant
height (H0) (defined as the mean height of the 100 thickest trees per
hectare), and site index (S , defined as the dominant height of the
stand, in meters, at a reference age of 20 years), which was obtained
from the site quality system developed by Diéguez-Aranda et al. [27].

Only live trees were included in the calculations for stand basal
area and number of trees per hectare. In addition, data on the number
of trees per hectare and stand basal area removed in thinning opera-
tions were available. Summary statistics, including the mean, mini-
mum, maximum, and standard deviation of these stand variables are
given in Table I.
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Table I. Characteristics of the sample plots used for model fitting.

Unthinned plots (368 inventories) Thinned plots (90 inventories)

Variable Mean Min. Max. S.D. Mean Min. Max. S.D.

t (years) 23.9 7 47 8.9 19.9 12 35 6.7

N (trees ha−1) 965 191.6 2048 566.4 885.8 378.0 1333.0 245.1

BA (m2 ha−1) 34.6 5.1 87.1 11.4 30.5 16.9 63.0 9.4

H0 (m) 20.5 5.9 35.2 5.8 20.2 12.9 32.7 4.4

S (m) 19.1 10.8 27.6 3.4 21.6 15.3 26.7 3.0

2.2. Stand basal area projection function

Several stand basal area projection functions for thinned and un-
thinned stands have been reported. Many of these functions are
empirically-based [6, 8, 24, 25, 35, 40, 49, 53, 54, 56, 65, 69], while
others [9, 28, 55, 66, 67] are derived directly from biologically-based
growth functions (e.g., Korf (cited in [46]), Hossfeld [38], and
Bertalanffy-Richards [11, 12, 57]).

The use of dynamic equations derived from the integral form of
biologically-based differential functions is highly recommended for
projecting stand basal area over time since they fulfil the three previ-
ously outlined desired characteristics. Bailey and Clutter [7] proposed
a technique for dynamic equation derivation that is known in forestry
as the Algebraic Difference Approach (ADA), which essentially in-
volves replacing a base-model site-specific parameter with its initial-
condition solution. The main limitation of this approach is that most
models derived with it are either anamorphic or have single asymp-
totes [7, 22]. Cieszewski and Bailey [22] extended this method and
presented the Generalized Algebraic Difference Approach (GADA),
which can be used to derive the same models as those derived by
ADA. The main advantage of GADA is that the base equations can
be expanded according to various theories about growth character-
istics (e.g. asymptote, growth rate), thereby allowing more than one
parameter to be site-specific and allowing derivation of more flexible
dynamic equations (see [18–20, 22]). GADA includes the ability to
simulate concurrent polymorphism and multiple asymptotes.

2.3. Stand basal area initialization function

To project stand basal area by use of a projection function it is nec-
essary to have an initial value at a given age for this variable. Usually,
the initial condition value is obtained from a common forest inven-
tory where diameter at breast height is measured; however, when this
is not available, a stand basal area initialization equation is required.

After replacing the site-specific parameters of the base equation
with explicit functions of X (one unobservable independent vari-
able that describes site productivity as a summary of management
regimes, soil conditions, and ecological and climatic factors), we de-
veloped an initialization function for estimating stand basal area at
any specific point in time. Since stand basal area depends on the age
of the stand and other stand variables (theoretically the productive ca-
pacity of the site and any other measure of stand density), it is gener-
ally necessary to relate X to these variables to achieve good estimates.

Compatibility between the projection and initialization functions
is ensured when: (1) both are developed on the basis of the same
base equation, (2) X is related in linear or nonlinear form to stand

variables that do not vary over time (e.g. site index), and (3) the non-
site-specific parameters of the base equation have the same value for
both the initialization and projection functions. Compatibility implies
that, for a given stand basal area curve obtained from the initialization
function, irrespective of which point on the curve is used as the initial
condition value in the projection function, the estimated stand basal
area will always be a point on that curve.

The compatibility between the projection and initialization func-
tions does not depend on the process of parameter estimation, so dif-
ferent methodologies can be used to estimate the parameters of both
functions considering the same base model: (a) estimation of the pa-
rameters of the projection function, substitution of their values into
the initialization function, and then fitting the latter to estimate the
parameters that relate X to stand variables that do not vary over time;
(b) estimation of the parameters of the initialization function, and re-
covery of the implied projection function; or (c) estimation of all the
parameters of the system simultaneously using an appropriate regres-
sion technique that accounts for the correlations between the right-
hand side endogenous variables and the error component of the left-
hand side endogenous variables (this is called simultaneous equation
bias) [62]. With options (a) and (b) is easier to achieve convergence
on the parameter estimates, and provide the best estimates of stand
basal area projection or initialization, depending on which equation
is prioritized; however, this may increase the bias and the standard er-
ror of the other equation. Option (c) reduces the total system squared
error, that is, it simultaneously minimizes both stand basal area pro-
jection and initialization errors. The selection of the most appropri-
ate fitting option will depend on the forest manager, who should de-
cide if the system will be used mainly for stand basal area projection,
initialization, or a mixture of both. In this study we selected option
(a), which gives priority to the projection function, because the dy-
namic model will be most frequently used to project stand basal area,
given an initial stand condition obtained from a common forest in-
ventory [9, 28, 67].

2.4. Models considered

A large number of mathematical equations can be used to de-
scribe stand basal area growth. In the present study, three well-known
growth functions in forestry applications, including stand basal area
growth modelling, were selected for analysis: Korf (cited in [46]),
Hossfeld [38], and Bertalanffy-Richards [11, 12, 57].

On the basis of these equations, several dynamic models were for-
mulated by use of GADA to develop the projection function. Most
of the equations considered for modelling stand basal area growth
did not assume anamorphic growth for this variable (e.g., [3, 30,
66, 67]; therefore, only the possible polymorphic solutions of the
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Table II. Base models and GADA formulations considered.

Base model Parameter
related to site

Solution for X with initial values (t0,Y0) Dynamic equation

Korf:
Y = a1 exp

(−a2t−a3
) a2 = X X0 = − ln

(
Y0
a1

)
t
a3
0 Y = b1

(
Y0
b1

)( t0
t1

)b3

(BA1)

a1 = exp (X)

a2 = b1 + b2/X

X0 =
1
2 t
−b3
0

⎛⎜⎜⎜⎜⎜⎝b1 + t
b3
0 ln (Y0) +

√
4b2t

b3
0 +

(
−b1 − t

b3
0 ln (Y0)

)2
⎞⎟⎟⎟⎟⎟⎠ Y = exp (X0) exp

(
− (b1 + b2/X0) t−b3

)
(BA2)

Hossfeld:
Y =

a1
1+a2 t−a3

a2 = X X0 = t
−a3
0

(
a1
Y0
− 1

)
Y = b1

/(
1 − (1 − b1/Y0) (t0/t)b3

)
(BA3)

a1 = b1 + X

a2 = b2/X

X0 =
1
2

(
Y0 − b1 +

√
(Y0 − b1)2 + 4b2Y0 t

−b3
0

)
Y =

b1+X0
1+b2/X0 t−b3

(BA4)

Bertalanffy-Richards:
Y = a1

(
1 − exp (−a2 t)

)a3

a2 = X X0 = − ln
(
1 − (Y0/b1)1/b3

)/
t0 Y = b1

⎛⎜⎜⎜⎜⎜⎜⎝1 −
(
1 −

(
Y0
b1

)1/b3
)t/t0

⎞⎟⎟⎟⎟⎟⎟⎠
b3

(BA5)

a1 = exp (X)

a3 = b2 + b3/X

X0 =
1
2

(
ln Y0 − b2L0 +

√
(ln Y0 − b2L0)2 − 4b3L0

)
with L0 = ln

(
1 − exp (−b1t0)

) Y = Y0

(
1−exp(−b1 t)

1−exp(−b1 t0)

)(b2+b3/X0)
(BA6)

above-mentioned equations were considered for analysis. Some of
these solutions had been discarded earlier because the fitting curves
performed poorly in describing the observed trends in the data. We
therefore focused our efforts on six dynamic equations, the formula-
tions of which are shown in Table II. All of the equations are base-age
invariant.

General notational convention, a1, a2. . . an was used to denote
parameters in base models, whereas b1, b2. . . bm were used for global
parameters in subsequent GADA formulations. All the GADA-based
models have the general implicit form of Y = f (t, t0,Y0, b1, b2 . . . bm).

Models BA1, BA3 and BA5 were derived by applying GADA to
the Korf, Hossfeld and Bertalanffy-Richards functions, respectively,
and by considering only parameter a2 to be site specific. In this case
GADA is equivalent to ADA. Model BA1 has been used to describe
stand basal area growth in many studies (e.g., [3,9,28,30,44,66,67]).
Model BA3 is the polymorphic equation described by McDill and
Amateis [48] for estimating site quality, and can also be used for stand
basal area growth modelling (e.g., [30,31]). Model BA5 has also often
been used in forestry applications, including stand basal area growth
modelling [28,41,44,53,55], because of its theoretical flexibility. All
of these models are polymorphic and have a single asymptote.

Dynamic models BA2, BA4 and BA6 were developed by consid-
ering two parameters to be site specific. Model BA2 was derived on
the basis of the Korf function by considering both parameters a1 and
a2 to be dependent on X. To facilitate such derivation, the base equa-
tion was re-parameterized into a more suitable form for manipulation
of these two parameters, by use of exp(X) instead of a1. Parameter a2

was expressed as a linear function of the inverse of X. Model BA4
was derived by Cieszewski [19] from the Hossfeld function, by re-
placing a1 with a constant plus the unobserved site variable X, and
a2 by b2/X. Model BA6 was developed by Krumland and Eng [43]
by expressing the asymptote as an exponential function of X and the
shape parameter as a linear function of the inverse of X.

For the base equations with two site-specific parameters, the solu-
tion for X involved finding roots of a quadratic equation and select-
ing the most appropriate for substituting into the dynamic equation.
We only used the solutions involving addition rather than subtraction

of the square root because they are more likely to be real and posi-
tive [22].

In summary, both recently developed dynamic equations with two
site-specific parameters and frequently used dynamic equations with
only one site-specific parameter were tested. The initialization func-
tion was developed on the basis of the base growth function from
which the dynamic model that provided the best results on projection
was derived.

2.5. Model fitting and validation

The stand basal area growth system was developed in two stages:
firstly, we fitted a model for projecting stand basal area over time; sec-
ondly, we attempted to develop a compatible initialization function,
using option (a) (see Sect. 2.3.). If this is not possible (i.e., if the ini-
tialization function requires the inclusion of stand variables that vary
over time -such as number of trees per hectare or dominant height- to
achieve good estimates), compatibility is not ensured, so the “best”
stand basal area initialization model should be constructed, regard-
less of the base function used for the stand basal area projection.

Data measurements generally contain environmental and mea-
surement errors. If stand basal area is assumed to be error free when
it is on the right-hand side of the equation, but includes error when it
is on the left-hand side of the equation, a conflict exists. Therefore,
stand basal areas that appear on the right-hand side of the models
should represent points on the global model (estimates) that cannot
be evaluated until the global parameters are estimated. However, the
estimated stand basal areas must be known so that unbiased estimates
of the global model parameters can be obtained [43]. Several meth-
ods have been suggested to overcome this problem (e.g., [7, 23, 33]).
These have generally been applied for fitting site-quality equations
and involve simultaneous estimation of the global model parameters
and of the measurement and environmental errors associated with the
site-specific parameters.

We used the dummy variables method proposed by Cieszewski
et al. [23]. In this method, the initial conditions are specified as
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identical for all the measurements belonging to the same unthinned
growth period within a single plot, hereafter the individual being in-
vestigated. During the fitting process the stand basal area correspond-
ing to the initial age (which can be arbitrarily selected for each un-
thinned interval, although age zero is not allowed) is simultaneously
estimated for each individual and all of the global model parameters.
In the dummy variables method it is recognized that each measure-
ment is made with error, and therefore, it seems unreasonable to force
the model through any given measurement. Instead, the curve is fitted
to the observed individual trends in the data.

As an example of this procedure, consider model BA1. The Y0

variable must be substituted by a sum of terms containing a site-
specific or local parameter (an initial stand basal area) and a dummy
variable for each individual:

Y = b1

(
(Y01I1 + Y02I2 + . . . + Y0nIn)

b1

)( t0
t1

)b3

(1)

where Y0i is the site-specific parameter for each individual i, and Ii

is a dummy variable equal to 1 for individual i and 0 otherwise. The
sum of terms of the initial stand basal area times the dummy variable
collapses into a single parameter (an estimated stand basal area at
the specified initial age) that is unique for each individual during the
fitting process. The dummy variables method was programmed using
the MODEL procedure of SAS/ETS� [62]. The Marquardt algorithm
was used for model fitting.

Once the projection function was fitted, the shared parameters
were substituted in the initialization function and the remaining un-
known parameters were estimated by ordinary nonlinear least squares
(ONLS) by the NLIN procedure of SAS/STAT� [63]. Only data from
inventories corresponding to ages younger than 15 years were used,
and it was assumed that if projections based on ages older than this
threshold are required, the initial stand basal area should be obtained
directly from inventory data.

The models were fitted by nonlinear least squares without con-
sidering the possible autocorrelation among the errors because of the
repeated measurements on the same plots. With data from the first in-
ventory of 223 plots and from the second and third re-measurements
of 155 and 46 of these plots, respectively, the maximum of possible
time correlations among residuals is practically inexistent. In addi-
tion, preliminary graphical analysis did not reveal any trend in raw
residuals as a function of age lag1-residuals within the same individ-
ual for the models analyzed. Therefore, the problem of autocorrelated
errors was not considered in the fitting process.

Comparison of the estimates for the different models was based on
numerical and graphical analyses of the residuals. Two statistics were
examined: the root mean square error (RMSE), which analyses the
accuracy of the estimates in the same units as the dependent variable,
and the coefficient of determination (also referred to as pseudo-R2

when applied in nonlinear regression), which shows the proportion
of the total variance of the dependent variable that is explained by
the model. Although there are several shortcomings associated with
use of the R2 in nonlinear regression, the general usefulness of some
global measure of model adequacy would seem to override some of
those limitations ([59], p. 424). The expressions of these statistics are
as follows:

RMSE =

√∑n
i=1 (yi − ŷi)

2

n − p
(2)

R2 = 1 −
∑n

i=1 (yi − ŷi)
2∑n

i=1 (yi − ȳ)2
(3)

were yi, ŷi and ȳ are the observed, predicted and average values of
the dependent variable, respectively, n is the total number of observa-
tions, and p is the number of model parameters.

Another important step in evaluating the models was to perform
graphical analyses of the residuals and the appearance of the fitted
curves overlaid on the trajectories of the stand basal area for each
individual. Visual or graphical inspection is an essential point in se-
lecting the most appropriate model because curve profiles may differ
drastically, even though fitting statistics and residuals are similar.

If we are interested in comparing candidate models in terms of
their predictive capabilities, it must be taken into account that ordi-
nary residuals are measures of quality of fit and not of quality of fu-
ture prediction ([50], p. 168) and therefore validation of the model
must be carried out. For this, only a newly collected data set can
be used [42]. Several methods of validation have been proposed be-
cause of the scarcity of such data (e.g., splitting the data set or cross-
validation, double cross-validation), although they seldom provide
any additional information compared with the respective statistics ob-
tained directly from models built from entire data sets [42]. Moreover,
according to Myers ([50], p. 170) and Hirsch [37] the final estimation
of the model parameters should come from the entire data set because
the estimates obtained with this approach will be more precise than
those obtained from the model fitted from only one portion of the
data. We therefore decided to defer model validation until a new data
set is available for assessing the quality of the predictions.

2.6. Thinning effect on basal area growth

Theoretically, when a forest stand is thinned, its growth charac-
teristics and dynamics change (e.g. [64]). Several studies have shown
that basal area growth rates in thinned stands exceed those of un-
thinned stands with the same characteristics (e.g. [5, 6, 34, 35, 52, 53,
56]). Two approaches have been commonly used to consider the ef-
fect of thinning operations on stand basal area growth:

1. Development of different basal area growth functions for differ-
ent types of stands (unthinned and thinned) that have the same
mathematical structure but that have been parameterized using
different data sets [40, 52, 69, 71].

2. Inclusion of a thinning response function that expresses the basal
area growth of a thinned stand as a product of a reference growth
and the thinning response function [39]: the reference growth ac-
counts for the factors affecting stand growth in unthinned stands
while the thinning response function predicts the relative growth
response following thinning. Several attempts have been made to
model the thinning response on the growth of the remaining basal
area [5,8,17,30,35,54,56], mainly with stands derived from plan-
tations.

In this study, we used the first approach to take into account the ef-
fect of thinning on stand basal area growth, by employing dummy
categorical variables. To compare the differences between basal area
growth in thinned and unthinned plots, we used the non-linear ex-
tra sum of squares method for detecting simultaneous homogeneity
among parameters for both treatments (see Bates and Watts [10],
pp. 103–104). If the homogeneity of parameters test reveals signif-
icant differences between silvicultural treatments, separate basal area
growth models are necessary for each treatment.
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Table III. Parameter estimates, approximated standard errors, and goodness-of-fit statistics for the models analyzed.

Base model Dynamic
equation

Param. Estimate Approx.
std. error

Approx. p-value RMSE R2

Korf BA1
b1 122.4 11.49 < 0.0001

1.315 0.9932
b3 0.8570 0.0670 < 0.0001

Korf BA2
b1 –276.1 115.9 0.0180

1.290 0.9935b2 1391 543 0.0111

b3 0.9233 0.0681 < 0.0001

Hossfeld BA3
b1 83.43 3.90 < 0.0001

1.366 0.9927
b3 1.897 0.079 < 0.0001

Hossfeld BA4
b1 68.62 4.32 < 0.0001

1.334 0.9930b2 –3972 1577 0.0125

b3 2.020 0.084 < 0.0001

Bertalanffy-Richards BA5
b1 73.37 2.64 < 0.0001

1.372 0.9926
b3 2.208 0.144 < 0.0001

Bertalanffy-Richards BA6
b1 0.06025 0.00518 < 0.0001

1.325 0.9930b2 –8.737 2.495 0.0006

b3 47.01 10.95 < 0.0001

3. RESULTS AND DISCUSSION

3.1. Stand basal area projection function

The parameter estimates for each model, including their ap-
proximated standard errors and p-values, and the correspond-
ing goodness-of-fit statistics are shown in Table III. Among
all the equations analyzed, the models with only one site-
specific parameter (models BA1, BA3, and BA5) provided
slightly poorer results for the goodness-of-fit statistics than the
corresponding models with two site-specific parameters (mod-
els BA2, BA4, and BA6, respectively) derived from the same
base equation. All of the models accounted for approximately
99.3% of the total variation and provided a random pattern of
residuals around zero with homogeneous variance and no dis-
cernable trends.

As previously commented, visual or graphical inspection
of the models was considered an essential point in selecting
the most accurate representation. Therefore, plots showing the
curves for stand basal areas of 15, 30, 45, and 60 m2 ha−1 at
20 years overlaid on the trajectories of observed values over
time, were examined (Fig. 1). The equations derived from the
same base model (with one and two site-specific parameters)
were overlaid on the same graph. This comparison allowed us
to discard some models that did not provide a good description
of the trends in the data. Models BA3 and BA5, derived con-
sidering only one parameter to be site-specific in the base mod-
els of Hossfeld and Bertalanffy-Richards, respectively, were

significantly poorer at describing the data than the correspond-
ing two site-specific parameter models BA4 and BA6. The
asymptotic values of models BA3 and BA5 appeared to be too
small, especially for the highest growth curves, in which they
clearly cross the observed values of stand basal area over time.
Model BA1 derived from the base model of Korf by consider-
ing one parameter to be site-specific, was the only model that
behaved in a similar way to the corresponding model with two
site-specific parameters (BA2).

Within the group with two site-specific parameters all mod-
els provided similar results, although model BA2 seemed to
provide slightly better graphical descriptions, especially for ju-
venile ages. The asymptotic value for the highest stand basal
area growth curves generated with model BA2 (125.4 m2 ha−1)
appeared to be slightly high, although this does not have any
apparently serious consequences for the quality of the predic-
tions within the rotation ages of 25–35 years usually applied
for radiata pine stands in Galicia [14,58]. Moreover, the curves
seem reliable beyond the rotation age, as judged by the esti-
mations of stand basal area overlaid on the trajectories of the
observed values over time (Fig. 1). Similar results were ob-
tained by Barrio et al. [9] in developing a basal area projection
function for Pinus pinaster stands in Galicia.

In summary, taking into account the adequate graphs pro-
vided by model BA2 (Fig. 1) as well as the values of
the goodness-of-fit statistics obtained in the fitting process
(Tab. III), the BA2 dynamic model derived from the Korf
equation was selected for projecting the stand basal area of
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Figure 1. Stand basal area growth curves for stand basal areas of 15, 30, 45 and 60 m2 ha−1 at 20 years for the two- (solid line) and one-site-
specific models (dashed line) overlaid on the trajectories of observed values over time.

radiata pine plantations in Galicia. The model is expressed as
follows:

Ŷ = exp (X0) exp
[
− (−276.1 + 1391/X0) t−0.9233

]
,with

X0 = 0.5t−0.9233
0

{
−276.1 + t0.9233

0 ln (Y0)

+

√
4 × 1391t0.9233

0 +
[
276.1 − t0.9233

0 ln (Y0)
]2
⎫⎪⎪⎬⎪⎪⎭ · (4)

3.2. Thinning effect on basal area growth

Equation (4) provided the best overall representation of
stand basal area development considering all the growth inter-
vals both for thinned and unthinned plots, and explained a high
percentage of the total variance (99.35%). However, it was
also important to know if there were differences in the unit-
area basal area growth between thinned and unthinned stands,
which would lead to inconsistent and biased stand basal area
projections.

The effect of thinning was analyzed considering a new
dummy variable. The non-linear extra sum of squares method
used for detecting simultaneous homogeneity among param-
eters for both treatments did not reveal any significant differ-
ences (the null hypothesis of a unique stand basal area pro-
jection model for thinned and unthinned stands was accepted
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Figure 2. Plot of residuals versus predicted values of the stand basal
area projection function BA2 for unthinned (plus signs) and thinned
plots (circles).

because of a insignificant F-value of 2.57 at α = 0.05). There-
fore, Equation (4) was considered for projecting stand basal
area for both thinned and unthinned stands. Examination of
the residuals – by applying Equation (4) to thinned and un-
thinned plots (Fig. 2) – did not indicate any trends in terms of
underestimation of the stand basal area of unthinned plots or
overestimation of the stand basal area of thinned plots.

All these results suggest that, for our data set, the stand
basal area growth pattern after thinning is close to the
stand basal area growth pattern of a stand with similar stand
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Figure 3. Plot of residuals versus predicted values and number of trees per hectare of the stand basal area initialization function derived from
model BA2 considering only site index as explanatory stand variable.

conditions but that has not been recently treated. Since the data
used to develop the model were obtained from both thinned
and unthinned stands, it seems reasonable to assume that the
thinning effect is built into the model. This is in accordance
with the studies of Clutter and Jones [25], Cao et al. [13],
Matney and Sullivan [47] and Barrio et al. [9] for different pine
species, which have demonstrated that there is no difference in
the unit-area basal area growth in thinned and unthinned stands
of the same age, site index and stand basal area.

This result, however, contradicts those of some studies of
stand basal area growth of radiata pine in other regions. Es-
pinel et al. [29] used a different formulation for estimating the
stand basal area growth before and after thinning operations in
the Basque Country (Northern Spain). A similar approach was
also reported by Woollons and Hayward [69] for radiata pine
in New Zealand. It has also been demonstrated for Chilean ra-
diata pine plantations that the stand basal area of the thinned
plots exceeds that of the unthinned counterparts [61]. In this
case, a thinning response function depending on the intensity
of thinning, the time since last thinning and the age of the stand
at the thinning, was included in the projection model.

The apparently contradictory results of the thinning effect
on stand basal area growth for radiata pine plantations for
Galicia and these other regions may be at least partly attributed
to the experimental data sets used. In the present study we used
data derived from plots or thinning trials where mainly low or
moderate thinnings were carried out, whereas in New Zealand
and Chile, heavy thinnings are usually applied. Nevertheless, it
must be taken into account that the studies involving thinning
experiments in even-aged stands showed inconsistent results
in terms of the effects of stand density variation on stand basal
area growth ([26], p. 68).

In summary, the assumption of no difference in the per unit-
area basal area growth between thinned and unthinned stands
of the same age, site index, and stand basal area holds for our
data set, and therefore it was not necessary to incorporate any
thinning effect in the dynamic model (Eq. (4)).

3.3. Stand basal area initialization function

Once the stand basal area projection function was selected,
we focused our efforts on developing a compatible stand basal
area initialization function from Equation (4). Parameters b1,

b2, and b3 were substituted in the base equation of Korf (af-
ter replacing the site-specific parameters of the base equation
with the explicit function of X) with the values obtained for the
projection function, and the unknown site-dependent function
X was related to site variables. Firstly, X was substituted by a
power function of site index. The inclusion of site index in this
relationship is consistent with the philosophy of GADA, and
directly warrants compatibility between the projection and ini-
tialization functions because site index is considered as a sta-
ble stand attribute over time. Under these conditions, the ini-
tialization function explained 61.8% of the total variance, with
a RMSE or 5.315 m2 ha−1, and provided a pattern of resid-
uals with homogeneous variance but with significant trends
both against predicted stand basal area and observed number
of trees per hectare (Fig. 3).

We therefore analyzed the inclusion into the previous model
of other stand variables that may affect the amount of stand
basal area at any specific moment (theoretically variables re-
lated to stand density), in order to improve the estimation ca-
pability of the initialization function at the expense of losing
compatibility. When the inverse of the number of trees per
hectare was included together with a power function of the site
index, the initialization equation explained 70.3% of the vari-
ance, with a RMSE of 4.688, and provided a random pattern of
residuals around zero with no detectable significant trends, for
either predicted stand basal area or observed number of trees
per hectare. This formulation provided significantly better es-
timates of stand basal area for any specific point in time.

The important improvement (almost an increase of 12.1%
in R2 and a reduction of 11.8% in RMSE) achieved by in-
cluding the number of trees per hectare into the initialization
function led us to discard compatibility within the stand basal
area growth system. At this point, it seemed unnecessary to
force the development of the initialization equation consider-
ing the same base model of the projection equation. Follow-
ing the methods of several authors (e.g., [6, 54], we analyzed
several linear and nonlinear models with different explanatory
stand variables (age, dominant height, site index, number of
trees per hectare, relative spacing index, and combinations of
these variables). A linear model with stand age, site index, and
number of trees per hectare as independent variables behaved
best. This model explained 72.5% of the total variance of the
data (15.2% more than the compatible model), with a RMSE
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Figure 4. Plot of residual versus predicted values and the observed explanatory variables age, site index and number of trees per hectare of the
stand basal area initialization function selected (Eq. (5)).

of 4.595 m2 ha−1 (13.5% smaller than the compatible model),
and behaved logically: older stands on better sites and with
more trees per unit-area achieved higher values of stand basal
area. This model also provided a random pattern of residuals
around zero with no detectable significant trends for predicted
stand basal area and the observed explanatory variables stand
age, site index, and number of trees per hectare (Fig. 4).

The finally recommended initialization equation for radiata
pine plantations in Galicia is:

Ŷ = −52.23 + 2.676t + 1.306S + 0.0101N (5)

where t is the age of the stand (years), S the site index (m,
defined as the dominant height of the stand at the reference
age of 20 years [27]), and N the number of trees per hectare.

4. CONCLUSIONS

Three well-known growth functions were considered for
developing a stand basal area growth system for radiata pine
plantations in northwestern Spain. Among the six dynamic
equations finally evaluated for stand basal area projection, the
GADA formulation from the Korf base model in which param-
eters a1 and a2 are considered to be site-specific behaved best.
Selection of the dynamic model was based on both numeri-
cal analysis and graphical representation of the fitted curves
overlaid on the trajectories of the observed stand basal area
over time. The selected equation allowed simulation of con-
current polymorphism and multiple asymptotes, two desirable
characteristics of growth equations. Furthermore, the dummy
variables method used for model fitting is a base-age invariant

method that accounts for site-specific and global effects and
fits the curves to observed individual trends in the data.

A linear stand basal area initialization function, in which
stand age, site index and number of trees per hectare were
considered as explanatory variables, was also developed. The
stand basal area system is not compatible; however, this is not
a major problem for most applications, because the initializa-
tion function would only be used to provide an initial value at
a given age for this variable, and not to project stand basal area
over time.

For the data set analyzed, the initial stand basal area and
age provided sufficient information about the future trajectory
of the stand basal area. It was therefore not necessary to con-
sider the thinning effect in the dynamic model for projecting
stand basal area in thinned stands. These results were not con-
sistent with those obtained by other authors for radiata pine
plantations in other regions, and may be due to the scarcity of
intensively treated plots in the experimental data.
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